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over unsteady radially stretching sheet under the influence of convective boundary conditions. A uniform
magnetic field is applied transversely to the direction of the flow. The governing time dependent nonlin-
ear boundary layer equations are reduced into nonlinear ordinary differential equations with the help of
similarity transformations. The transformed coupled ordinary differential equations are then solved ana-
lytically by homotopy analysis method (HAM) and numerically by shooting procedure. Effects of various
governing parameters like, power law index n, magnetic parameterM, unsteadiness A, suction/injection S,
Biot number c and generalized Prandtl number Pr on velocity, temperature, local skin friction and the
local Nusselt number are studied and discussed. It is found from the analysis that the magnetic parameter
diminishes the velocity profile and the corresponding thermal boundary layer thickness.
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Over the years, considerable research has been devoted by var-
ious authors to study the flow and heat transfer mechanism of
non-Newtonian fluids owing its fundamental and pragmatic signif-
icances in the field of science and technology. It exhibits some sig-
nificantly different dynamic behavior from Newtonian fluid. A
number of different constitute equations have been proposed to
understand the rheological behavior of non -Newtonian fluids
[1–7]. Amongst these models, the power law model has been
widely used in many engineering processes. The power law shear
rate or shear stress relation for an incompressible fluid is given
as s ¼ l @u
@y j @u@y jn1, where l and n are consistency and the power
law indexes respectively. The cases 0 < n < 1, n ¼ 1 and n > 1 cor-
respond to shear thinning, Newtonian and shear thickening fluids
respectively. Anderson et al. [8] investigated the magnetohydrody-
namic flow of power law fluid model towards a stretching sheet.
Chen [9] studied the heat transfer phenomena of non-Newtonian
power law fluid over a porous stretching sheet by considering suc-
tion/injection and magnetic field effects. Chaitanya and Dhiman
[10] made an extensive study over a pair of side by side circular
cylinder for the flow and heat transfer of non-Newtonian powerlaw fluid. Recently Sui et al. [11] discussed the mixed convective
heat transfer for power law fluids along an inclined plate over a
moving conveyor.
The convective heat transfer is of significant interest in the pro-
cesses where high temperature is evoked, for instance, storage of
thermal energy, gas turbine, nuclear plants etc. It is well known
that convective boundary conditions have been widely investi-
gated experimentally and numerically due to great significant
applications such as geothermal energy extraction, material dying,
solid matrix or micro porous heat exchanger, microthrusters etc.
Owing the practical importance of the convective boundary condi-
tions several authors have investigated their studies on this topic.
Yao et al. [12] reported the heat transfer of a viscous fluid over a
stretching/ shrinking sheet with convective boundary conditions.
Makinde and Aziz [13] presented the MHD mixed convection heat
transfer in a porous medium over a vertical convected heated plate.
Khan et al. [14] discussed the mixed convective heat transfer in
sisko fluid towards a radially stretching sheet by considering the
convective boundary conditions. The 3D casson fluid flow past over
a porous linearly stretching sheet was reported by Mahanta and
Shaw [15]. Hayat et al. [16] analyzed the steady flow and heat
transfer in an Erying Powell fluid over a continuous moving plate
with convective boundary conditions. Shahzad and Ali [17]
examined the influence of convective boundary condition on
Fig. 1. Flow configuration and coordinate system.
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stretching sheet.
The unsteady aspects become more interesting in certain condi-
tions where the motion of the stretching sheet may induce impul-
sively from rest. Chen [18] studied the effects of viscous dissipation
on heat transfer in a non-Newtonian liquid film over an unsteady
stretching sheet. Series solution for the unsteady axisymmetric
flow and heat transfer over a radially stretching sheet was ana-
lyzed by Sajid et al. [19]. Ishak et al. [20] discussed the heat trans-
fer over an unsteady stretching permeable sheet with prescribed
wall temperature. Unsteady flow with and without heat transfer
have been discussed by several authors [21–25] with different
aspects. Salahuddin et al. [26–28] discussed MHD flow of different
fluid models with stretching surface through a variety of numerical
techniques.
Current study is mainly motivated by the need to understand
the unsteady MHD flow and heat transfer of power law fluid
towards a radially stretching sheet under the influence of convec-
tive boundary conditions. The local similarity transformation
brings the non-linear partial differential equations into non-
linear ordinary differential equations. The governing problem is
then solved analytically through homotopy analysis method
(HAM) as well as numerically by using shooting technique along
with Runge-Kutta procedure. The results are displayed graphically
for various values of governing parameters.Mathematical modeling
Consider the unsteady, two dimensional convective flow of an
electrically conducting fluid obeying the power law model. The
schematic diagram and the coordinate system considered are
shown in Fig. 1Table 1
The convergence of the homotopy analysis method solutions for different order of approx
Order of approximation f 00ð0Þ
n = 1
1 1.77083
5 2.28757
10 2.31866
15 2.31962
20 2.31965
25 2.31965
30 2.31965
35 2.31965
40 2.31965The velocity of the stretched sheet is u ¼ cr;where c is constant.
We suppose that applied transverse magnetic field is of variable
kind and is selected in its special form Bðr; tÞ ¼ B0=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 at
p
: The
lower surface of the sheet is heated convectively with the temper-
ature Tf by a hot fluid which give a heat transfer coefficient hf. Fur-
thermore, it is assumed that the ambient fluid temperature is T1.
Under these assumptions and boundary layer approximations,
the system of equations which govern the boundary layer flow is
given by
@u
@r
þ u
r
þ @w
@z
¼ 0; ð1Þ
@u
@t
þ u @u
@r
þw @u
@z
¼ K
q
@
@z
 @u
@z
 n
 rB
2
q
u; ð2Þ
@u
@t
þ u @T
@r
þw @T
@z
¼ a @
2T
@z2
: ð3Þ
Here u and w are the velocity components along the radial and axial
directions, respectively, m the kinematic viscosity, r the electrical
conductivity, T the temperature of the fluid and a ¼ k1=qcp is the
thermal diffusivity. The boundary conditions for velocity and tem-
perature are:
u ¼ uwðr; tÞ; w ¼ f wðr; tÞ; k @T@z ¼ hf ½Tf  T at z ¼ 0;
u ! 0; T ! T1 as z !1;
ð4Þ
where uwðr; tÞ ¼ cr1at is the stretching surface velocity and f w repre-
sent the porosity of the sheet. The special form for the expressions
uwðr; tÞ and B(r,t) are selected so as to facilitate the construction of a
local-similarity transformations given as
Wðr; zÞ ¼  cr
3
1 at Re
1
nþ1f ðgÞ; hðgÞ ¼ T  T1
Tw  T1 ; g ¼
z
r
Re
1
nþ1: ð5Þ
In above equation Wðr; zÞ is the stokes stream function such that
u ¼ 1r @W@z , w ¼ 1r @W@r , g is the independent variable and Re ¼ r
nu2nw
k=q is
the local Reynolds number. Thus the velocity components can be
written as
u ¼ cr
1 at f
0ðgÞ;
w ¼  cr
1 at Re
1
nþ1
1
nþ 1 ½ð3nþ 1Þ f ðgÞ þ ð1 nÞgf
0ðgÞ: ð6Þ
In view of Eq. (6) the governing Eqs. (2) and (3) along with the
boundary conditions (4) are reduced to the non-dimensional form
as follows:
A f 0 þ 2 n
nþ 1gf
00
 
 nðf 00Þn1f 000  3nþ 1
nþ 1 ff
00 þ f 02 þMf 0 ¼ 0; ð7Þimation when M ¼ A ¼ c ¼ Pr ¼ 1:0 and S ¼ 1=2 are fixed.
h0ð0Þ
n = 2 n = 1 n = 2
1.39333 0.65625 0.59138
1.67577 0.66476 0.68870
1.67089 0.66476 0.69869
1.67069 0.66476 0.69884
1.67106 0.66476 0.69880
1.67104 0.66476 0.69880
1.67104 0.66476 0.69880
1.67104 0.66476 0.69880
1.67104 0.66476 0.69880
Fig. 2. Influence of M on the velocity profiles f0(g) with S = 0.2 = A when (a) n = 0.8 (b) n = 1.0 and (c) n = 2.0.
Fig. 3. Influence of A on the velocity profiles f0(g) with S = 0.2 and M = 1.0 when (a) n = 0.8 (b) n = 1.0 and (c) n = 2.0.
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Fig. 4. Influence of S > 0 on the velocity profiles f0(g) with A = 0.2 and M = 1.0 when (a) n = 0.8(b) n = 1.0 and (c) n = 2.0.
Fig. 5. Influence of S < 0 on the velocity profiles f0(g) with A = 0.2 and M = 1.0 when (a) n = 0.8 (b) n = 1.0 and (c) n = 2.0.
976 J. Ahmed et al. / Results in Physics 6 (2016) 973–981
Fig. 6. Influence of Pr on the temperature profiles hðgÞ with A ¼ 0:2 ¼ S and M ¼ 1:0 ¼ c when (a) n = 0.8 (b) n = 1.0 and (c) n = 2.0.
Fig. 7. Influence of c on the temperature profiles hðgÞ with Pr ¼ 1:0 ¼ M and S = 0.2 = A when (a) n = 0.8 (b) n = 1.0 and (c) n = 2.0.
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Fig. 8. Influence of A on the temperature profiles hðgÞ with Pr ¼ c ¼ 1:0 ¼ M and S = 0.2 when (a) n = 0.8 (b) n = 1.0 and (c) n = 2.0.
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nþ 1gh
0
 
 Pr f 0h 3nþ 1
nþ 1 fh
0
 
¼ 0; ð8Þ
f ð0Þ ¼ S; f 0ð0Þ ¼ 1; h0ð0Þ ¼ c½1 hð0Þ;
f 0 ! 0; h ! 0 as g!1: ð9Þ
The non-dimensional parameters in above equations are the
unsteadiness parameter A ¼ a=c, the magnetic parameter
M ¼ rB2o=qc, the generalized Prandlt number Pr ¼ ruwa Re
2
nþ1, the Biot
number c ¼ hfk rRe
1
nþ1 and the mass transfer parameter
S ¼ 3nþ1nþ1
 
Re
1
nþ1
uw
f w with S > 0 for mass suction and S < 0 for mass
injection.
The important physical quantities of interest in this problem are
the local skin friction coefficient Cf and the local Nusselt number
Nu at the walls defined as
Cf ¼ sw1
2qu2w
and Nu ¼ rqwkðTw  T1Þ ; ð10Þ
where sw ¼ K j @u@z jn1
 
@u
@z jz¼0 and qw ¼ k @T@z
 jz¼0 are the shear stress
at the wall. Utilizing Eqs. (5) and (6), we get
1
2
Re
1
nþ1Cf ¼ ½f 00ð0n; Re
1
nþ1Nu ¼ h0ð0Þ: ð11ÞSolution methodologies
The HAM solution
We employe homotopy analysis method [29–31] to solve the
nonlinear differential Eqs. (7) and (8) subject to the boundary con-
ditions in (9). In order to construct analytic solutions, the initialguesses ðf  ; h Þ and the linear operators (L1; L2) for the desired solu-
tions are
f oðgÞ ¼ Sþ 1 eg ð12ÞhoðgÞ ¼ eg; ð13Þ
L1ð/Þ ¼ /000  /0; ð14ÞL2ð/Þ ¼ /00  /0: ð15Þ
Analytic solution obtained by HAM contains the auxiliary parame-
ter h. It is very important to note that a suitable choose of auxiliary
parameter h ensures the rapid convergence of the analytic solution.
To find the optimum value of h for which the error is minimum, we
use the error formula
Ef ;m ¼ 1N þ 1
XN
j¼0
Nf
Xm
i¼0
FjðiDgÞ
 !" #2
: ð16Þ
Table 1 shows the convergence of the series solution for two
different values of power law index i.e. n ¼ 1 and n ¼ 2. It can be
seen that convergence is achieved at 20th order of approximations
for n ¼ 1 and 25th order for n ¼ 2. Further the convergence for the
other cases is obtained by following the same procedure.The numerical solution
The nonlinear Eqs. (7) and (8) are also solved numerically by
converting them into initial value problem. We apply the fourth
order classical Runge-Kutta method with a step size h ¼ 0:01; the
above procedure was repeated until the results with desired
degree of accuracy ð105Þ were obtained.
Fig. 9. Influence of n with S = 0.2 = A and M ¼ Pr ¼ 1:0 ¼ c on (a) velocity profile f 0ðgÞ (b) temperature profile hðgÞ.
Fig. 10. Comparison of the numerical solution (solid circles) with HAM solution
(solid line) for the temperature profile f 0ðgÞ when n = 1 and A = 1/5 = S are fixed.
Fig. 11. Comparison of the numerical solution (solid circles) with HAM solution
(solid line) for the temperature profile hðgÞ when n ¼ 1 ¼ M ¼ c and A = 1/5 = S are
fixed.
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The main purpose of this work is to investigate the flow and
heat transfer influence to a power law fluid over radially stretching
porous sheet with convective boundary conditions. In order to get
a clear insight of the physical problem, velocity profiles f 0ðgÞ and
temperature profiles hðgÞ are presented graphically for various val-
ues of magnetic parameter M, generalized Prandtl number Pr,
power law index n, unsteadiness parameter A, suction/injectionparameter S and Biot number c. The differential Eqs. (7) and (8)
are coupled and highly nonlinear. Therefore, we solve these cou-
pled equations analytically by HAM and numerically using shoot-
ing technique. Further the effects of the different pertinent
parameters of flow and heat transfer are shown in tables for the
skin friction coefficient and the local Nusselt number.
The effect of magnetic parameter M on velocity profile f 0ðgÞ for
shear thinning ðn ¼ 0:8Þ, Newtonian ðn ¼ 1:0Þ and shear thickening
ðn ¼ 2:0Þ fluids is depicted in Fig. 2(a–c). It is quite clear that veloc-
ity profile f0(g) as well as boundary layer thickness decreases with
an increase in the value of magnetic parameter M due to the resis-
tive force called Lorentz force generated by the magnetic field. We
can also observe that the effect of magnetic parameterM on veloc-
ity profile f0(g) become less dominating with an increasing values
of power law index n .
Fig. 3(a–c) show the influence of unsteadiness parameter A on
the velocity profile f0(g) for different values of power law index
n ¼ 0:8; 1:0 and 2.0 respectively. It can be seen from these figures
that velocity profile f0(g) decreases with an increase in the value of
unsteadiness parameter A thus reduces boundary layer thickness.
Fig. 4(a–c) portray the effects of the suction parameter ðS > 0Þ on
velocity profile f0(g) for different values of power law index n. It
is found that by increasing the suction parameter ðS > 0Þ the veloc-
ity profile f 0ðgÞ as well as boundary layer thickness decreases. This
is due to the fact that suction acts to increases the adherence of the
fluid to the wall which in turns retards the flow and thus causes a
decrease in the velocity profile while a quite opposite trend is seen
in case of injection ðS < 0Þ which can be observed from Fig. 5(a–c).
The effects of modified Prandtl number Pr on the temperature
profile hðgÞ are shown in Fig. 6(a–c). It can be observe that an
increase in the values of modified Prandlt number Pr resulted a
reduction in the temperature as well as thermal boundary layer
thickness. Physically the fluid having greater Prandtl number pos-
sess the low thermal conductivity which decreases the conduction
rate and hence the thermal boundary layer thickness. The effects of
Biot number c on temperature profile hðgÞ are shown in Fig. 7(a–c)
for various value of power law index n. It can be observe that the
temperature profile hðgÞ increases significantly as the values of
Biot number c increases, thus the thermal boundary layer thick-
ness increases. This is because of the fact that an increase in the
value of Biot number c results a decrease in the thermal resistance
of the sheet and hence increases the heat transfer rate. For c ¼ 0
the bottom side of the sheet is totally insulated so no heat transfer
rate takes place to the cold fluid from the bottom surface.Fig. 8(a–c)
are displayed in order to see the effects of unsteadiness parameter
A on temperature profile hðgÞ for different values of power law
index n = 0.8, 1.0 and 2.0. It is observed that as A increase, the tem-
perature profile hðgÞ as well as thermal boundary layer thickness
Table 2
Numerical values of the skin friction coefficient 12Re
1
nþ1Cf for different values of physical parameters.
A M S  12Re
1
nþ1Cf
n = 0.5 n = 1.0 n = 2.0
0.0 1.0 0.2 1.62566 1.75664 1.91919
0.2 1.64783 1.79894 1.99340
0.5 1.68149 1.86166 2.10223
0.2 0.0 1.37557 1.45257 1.72738
0.5 1.52561 1.63582 1.91919
1.0 1.64783 1.79894 1.99340
0.0 1.49934 1.58058 1.78302
0.2 1.64783 1.79894 1.99340
0.5 1.90710 2.16993 2.62427
Table 3
Numerical values of the local Nusselt number Re
1
nþ1Nu for different values of physical parameters.
A M S c Pr Re
1
nþ1Nu
n = 0.5 n = 1.0 n = 2.0
0.0 1.0 0.5 1.0 1.0 0.59777 0.63633 0.66536
1.0 0.61839 0.66476 0.69880
2.0 0.64594 0.68795 0.72166
1.0 0.0 0.62751 0.66851 0.69995
0.5 0.62246 0.66651 0.69935
1.0 0.61839 0.66476 0.69880
1.0 1.0 0.5 0.61839 0.66476 0.69880
1.0 0.68429 0.73119 0.76302
2.0 0.78146 0.81635 0.84036
1.0 1.0 1.0 0.1 0.09559 0.09645 0.09698
0.5 0.40628 0.42236 0.43279
1.0 0.68429 0.73119 0.76302
1.0 1.0 1.0 1.0 0.7 0.61541 0.66806 0.70549
1.0 0.68429 0.73119 0.76302
2.0 0.80025 0.83119 0.85302
980 J. Ahmed et al. / Results in Physics 6 (2016) 973–981decreases for shear thinning ðn ¼ 0:8Þ, Newtonian ðn ¼ 1:0Þ and
shear thickening ðn ¼ 2:0Þ fluids. We can also observe that the
effect of material parameter is prominent for power law fluid
ðn ¼ 2:0Þ when compared to other fluids ðn < 1 and n ¼ 1:0Þ.
The power law index n effects on velocity hðgÞ and temperature
profile f0(g) are shown in Fig. 9(a,b). The velocity profile hðgÞ
increases up to the certain values of g after it starts decreasing
as the value of power law index n increases. The temperature pro-
file decreases with an increase in the values of power law index n is
depicted in Fig. 9(b). Figs. 10 and 11 show a comparison for veloc-
ity and temperature profiles between HAM and numerical solu-
tions. An excellent agreement between these solutions can be
observed from these figures.
The numerical values of the skin friction coefficient 12Re
1
nþ1Cf and
local Nusselt number Re
1
nþ1Nu for different values of physical
parameters A, S,M, c and Pr are computed in Tables 2 and 3. Table 2
reveals that skin friction coefficient increases with increase in the
values of A, M and S for different values of power law index n.
Table 3 shows that the local Nusselt number increases with an
increase in the values of A, S, c and Pr while a quite opposite behav-
ior is seen in case of M for the power law index n.
Concluding remarks
The laminar MHD boundary layer flow of power law fluid over
an unsteady porous radially stretching sheet was investigated in
the presence of convective boundary conditions. Using similarity
transformations governing partial differential equations were
reduced to ordinary differential equations. The solution of the gov-
erning problem for the velocity and temperature fields was inves-
tigated analytically using HAM and numerically by shooting
technique. Some of the important findings of our investigation
are listed as follows:1 The velocity profile f0(g) was decreased with an increase in
unsteadiness parameter A, magnetic parameter M and mass
suction parameter S > 0.
2 An increase in mass injection parameter S < 0 enhances the
velocity profile f0(g) for different values of the power law index
n.
3 The influence of Prandtl number Pr and unsteadiness parameter
A was to decreases the temperature field hðgÞ.
4 The temperature profile hðgÞ was increased with an increase in
the Biot number c.
5 The Skin friction coefficient was decreased with an increase in
unsteadiness parameter A, magnetic parameter M and suction
parameters S > 0.References
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